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ntroduction
@00
Definition

Cross-sectional Dependence

@ Correlation between cross-sectional units:
/ .
yi=a+x;B+u; i=1---
o Cross-sectional dependence (spatial depedence) in the errors:
Cov(uj, uj) #0
@ Serial correlation in time-series:

yt:tx—}—xé‘B—}—ut; t=1,---,T.

o Serial correlation: Cov(ut, us) #0
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ntroduction
oeo
Definition

Cross-sectional Dependence

o Why?

o Local: spatial correlation; economic distance
o Global: common shocks

@ Problems if the cross-sectional dependence was ignored

o Efficiency loss for least squares
o invalidates conventional t-test and F-tests

use University Testing Cross-sectional Dependence in Panels



ntroduction
[e]e] J
Definition

Estimation with cross-sectional Dependence

@ Spatial models: Anselin (1988); Lee (2002)

@ Factor Models: Bai ad Ng (2002); Bai (2003); Bai, Kao and Ng
(2009); Pesaran (2006)
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Testing Cross-sectional Dependence
o
Model

Testing for Cross-Sectional Dependence in Panel Models

o A fixed effects (FE) panel data model
Yie = 0 XpB it vie, i =1t =1, T. (1)

e n: the dimension of cross-sectional units

o T: the dimension of time-series

o testing for cross-sectional dependence in the errors v;; with large n
and T

@ Assumption 1: Under the null, vj; ~ iidN (0,0’%) for all i and t.
o the typical assumption in FE model
o homokedasticity can be relaxed (in progress)
o nx1vector vi = (vig, -+, vnt) ~ iidN (0,%,) for all t
o Under the null:
Ho : Sy = 02, (2)

o the alternative H, : £, # (73/,,
o failure to reject the null: no cross-sectional dependence, nor
heteroskedasticity
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LM Test

tional Dependence
L]

LM Test for Cross-Sectional Dependence

o Fixed n: Breusch and Pagan (1980) Lagrange multiplier (LM) test:
under the null (assuming normality)

n—1 n 5 d o
LMgp =3 ¥ Tp;— Xn(n—1)/2
i=1j=i+1 "
° p,j: the sample correlation of the residuals Vj;:
T ~ ~
b= Yi—1 VitVit
i 1/2 1/2
T =2 T =2
<Zt:1 Vit) (Zf:l Vjt)

@ Recall for fixed n
T2 % N(0,1)
as T —

@ Breusch, T. S. and Pagan, A. R. (1980), “The Lagrange Multiplier
Test and lts Applications to Model Specification in Econometrics,”
Review of Economic Studies, 47, 239-253.
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Testing Cross-sectional Dependence
L]
Scaled LM Test

Scaled LM Test for Cross-Sectional Dependence

o Large n: LM not applicable
o Scaled LM test

1 n=1 n
IM=,/—= Y ¥ (Tp3-1
n(n—1) 51 j=i ( Pi )
o
LMgp—E(LMgp) i) N(O 1)
Var (LMgp) ’
as (T, n) — oo sequentially
e Since
AN
E(To2) =1
and
Var (LMgp) ~ n(n—1)
for large T
o However E(Tp,?j — 1) may not correctly centered at zero when T is
small

o scaled LM test may exhibit substantial size distortion when T is
small and n is large
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Testing Cross-sectional Dependence
o
Pesaran CD Test

Pesaran CD Test

@ Pesaran CD Test

P cD 2T " § 5 4N (0,1)
esaran s = _ I ,
n(n—1) i=1j=i+1pU

° E(p,-j) =0forallnand T
e E(CD)=0
o VTp; L N(01)

e good size
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Testing Cross-sectional Dependence
o
Pesaran CD Test

Pesaran CD Test

@ Pesaran CD Test

P cD 2T " ¢ 5 9n(0,1)
esaran s = _ I ,
n(n—1) i=1j=i+1pU

E (pU) =0forallnand T
E(CD)=0
VTh; % N(0,1)

good size
Poor power
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Testing Cross-sectional Dependence
(]
Literature

Literature

@ Econometrics: testing cross-sectional dependence in panel data
o Pesaran (2004) CD test

P cD 2T "¢
esaran = _ ..
n(n—1) /= j:i+1p”

o Pesaran, et al. (2008): bias-adjusted LM test
o Baltagi, et al. (2003): spatial model
o Ng (2006): spacing method

o Statistics literature: sphericity test

e John (1972): fixed n
o Ledoit, Wolf (2002): raw data with
o Kapetanios (2004): raw data with heterokedasticity
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Testing Cross-sectional Dependence
o
Contribution

Contribution

@ A new test for cross-sectional dependence in the FE panel models
@ Successfully control the size distortion for large n
@ good power

@ Applicable in micro panels
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John Test

A New Test: John Test

@ John Test in fixed effects panel models (1):

n

T [l s ?
JZEU {(ntrS) 13—/,,} “3T-1) (3)

5= % Zthl ¥+ 0{ : constructed by the within residuals ¥
@ Limiting distribution under the null:

7% N(0,1)

as (T,n) — oo
@ Desirable finite sample properties

° 2(T”_1): due to fixed effect
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John Test
L]
Assumptions

Assumptions

@ Assumption 1: Under the null, vj; ~ iidN (0,(73) foralli=1,---,n
andt=1,---,T.

o Assumption 2: The regressors {xj;} and {vj;} are independent, and
E x| * < co.

@ Assumption 3: 4 — c € (0,00) as (n, T) — co.
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Asymptotics

Limiting Distribution of the John Test under the Null

Under Assumptions 1, 2 and 3, in the fixed effects regression model,

J4N(@01).
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John Test
L]

Testing for Sphericity

Sphericity Tests in Raw Data

(B=0)
o Observable v¢ = (vit, -, vpe) ~ iidN (0,%,) forall t =1, ---

o Testing for sphericity :
Hy:%p =021, or (¢2)'Z,—1,=0
@ John (1971): a test based on the statistic %U, where

2 2
U=y ((ltr5)15 - /,,) _1 H(ltr5)15 — I
n n n n

F

1 T /
S=+) g vv

1 P2
° EtrS — 0y

° HAH% =tr (A/A), Frobenius norm
o Distance (%trS)*ls — I: sample version of (¢2)71X, — I,
o Locally the most powerful test for fixed n
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L]
Distribution of Sphericity Tests

Limiting Distribution of the Sphericity Tests Under the Null

@ Fixed n: John (1972) as T — oo

nT  d »
- U= Xan1)/2-1 (4)

@ Large n: (Using Random Matrix Theory), Ledoit and Wolf (2002)
as (n, T) — 0

TU—n % N(1,4) (5)
e Sphericity statistic Jy

9 n(0,1) (6)

e Ledoit, O., and Wolf, M. (2002), "Some Hypothesis Test for the
Covariance Matrix When the Dimension is Large Compared to the
Sample Size,” Annals of Statistics, 30, 1081-1102.
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Testing Cross-sectional Dependence vs Testing Sphericity

Testing Cross-sectional Dependence in FE Models

@ The error v¢+ in FE models: unobservable

o Residual-based statistic Jy using residuals ¥;

A TO-—n 1
o=—F—-3 (7)

where U = (1tr8)721tr82 —1and § = 1 ], 09/

e Can Jy be applied for testing cross-sectional dependence in a FE

model? NO!
@ The John statistic J in FE models
A n n n
J—J0+(J0*J0)*72(T_1) _J°772(T—1)
o (Jo— )~ 57 2,0
o JL N(0,1)
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Asymptotics: the Bias Term

Asymptotics of the Bias Term under the Null

e Bias Term Jo — Jo

o (No FE) y; = 0: OLS residuals
o (FE) u; # 0: within residuals

@ Proposition: Under Assumptions 1, 2 and 3,

(a) if u; =0, )
Jo —Jo = op(1); (8)
(b) if u; #0,

Jo = = 57—y = o) ©)
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John Test

Histograms

Histograms

Figure 1 (a): The Histogram of the Residual-based Statistic Jo under Figure 1 (b): The Histogram of the Residual-based Statistic Jo under

the Null in the Case of no Fixed Effects the Null in the Case of Fixed Effects
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Bias Adjustment

Finite Bias Adjustment and Micro Panels

@ The bias (T 0~ 0 for fixed n

@ Size distortion due to large n

@ In micro panels with large n and small T,

o, FO =Pl + 0 + 0P + el )
0—J0 =

_1)2
AT 08 + 0p(A2)

2(T-1)

1

(10)
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John Test
o

Incidental Parameters Problems

Bias: Incidental Parameters Problem

@ The error vj; not identified directly in FE models: within residuals
@ Inaccuracy in the within residuals accumulates in Jo—Jo

o (No FE) u; = 0: using OLS residuals Vj;
Ui = vie = —xic(B—B) = 0p ((nT)71/?) (11)

"sample size": n- T
o (FE) p; # 0: using within residuals Vj;

Vie—vie = Vi —%it(B— ) = Op(TV?) 4+ 0p (("T)fl/z) = 0p(T1/?)
(12)

"sample size": T

Testing Cross-sectional Dependence in Panels
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Monte Carlo
o
Design

Monte Carlo Simulations

@ John test, compared with Pesaran’s CD test and LM test
o Data Generating Process (DGP):
Yie = a+PBxip+pi+vi i=1---,n t=1---,T,(13)
Xip = 0-7Xi,t71 +nui+77it’ (14)
o p; ~ iidN(¢,, 05). 1 ~ iidN(¢,,07).

o under Hg: vj; ~ iidN(0,02)
e n=>5,10,20,50,100,200,500 and T =5,10,20,30,50
o the replication number R = 2000.

@ The values of parameters have no effect on the size

ex=1p=2¢,=00;=0250; =05¢ =20, =1
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Monte Carlo
L]
Size

Empirical Size

Table 1: Size of Tests

Size T\n| 5 10 20 30 50 100 200 500
5 9.7 10.5 12.4 24 19 127
John 10 |59 75 8.2 6.7 8.4 85 ] B
20 |55 73 5.5 6.5 6.6 7.1 6.7 6.6
30 (6% B85 6.3 7.0 5.8 6.5 6.3 6.3
50 |50 {70 7.0 6.9 5.3 538 5.7 41
Pesaran's CD 5 5.6 5.7 6.1 6.3 74 59
10 |52 54 5.3 5.2 5.0 53 5.4 49
20 |48 57 4.9 5.9 5.8 4.6 6.2 49
30 (62 @8 4.7 3.8 5.5 51 5.6 5.1
50 |47 B 5.3 46 5.1 58 49 41
LM 5 68.8 100.0  100.0  100.0 1000 100.0
10 |48 79 168 33.7 789 1000 1000 100.0
20 |41 49 7.2 10.7 23.9 742 1000 100.0
30 |48 BO 5.2 8.2 15.0 384 940 1000
50 |42 BB 6.6 6.5 8.1 175 509 100.0

Notes: The data generating process is specified in Section 6.
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Monte Carlo
o
Power

Power: 3 Models under the Alternative

@ Factor model:
Vie = Yift + €t (15)

where factor f; ~ iidN(0, 1), loading y; ~ iidU(—0.5,0.5), €;
~ iidN(0, 02).
@ Spatial autoregressive specification: SAR(1)

Vi = 0.4WV1- + &t

o W: spatial weight matrix 1 ahead and 1 behind
@ Spatial moving average: SMA(1)

Vi = 0.4W€t + €&
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Monte Carlo
L]
Power: Factor Model

Size-adjusted Power: Factor model

Table 2 (a) : Size Adjusted Power of Tests: the alternative is a factor model
Size Adjusted Power T\n| 5 10 20 30 50 100 200 500

5 122 189 274 468 63.8 815
John 10 | 79 151 277 459 634 842 946 989
20 | 144 296 619 793 915 99.0 100.0 100.0
30 |17.8 486 80.6 91.2 99.2 100.0 100.0 100.0
50 |37.3 727 95.1 99.4 100.0 100.0 100.0 100.0
Pesaran's CD 5 44 38 35 4.7 5.4 5.3
10 | 78 69 59 58 6.6 5.2 5.6 4.6
20 |75 76 75 67 7.2 7.2 7.2 7.0
30 |82 85 78 104 75 7.3 8.6 8.3
50 | 128 119 104 120 106 111 119 125
LM 5 96 145 183 386 556 685
10 | 91 124 245 369 560 79.2 912 984
20 | 136 279 529 744 889 987 100.0 100.0
30 |16.3 412 76.1 89.0 982 100.0 100.0 100.0
50 |31.7 67.0 94.1 99.1 100.0 100.0 100.0 100.0

Notes: The data generating process is specified in Section 6.
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Monte Carlo
o
Power: SAR(1)

Size-adjusted Power: SAR(1)

Table 2 (b) : Size Adjusted Power of Tests: The alternative isa SAR (1) model
Size Adjusted Power T\n | 5 10 20 30 50 100 200 500

5 114 117 1255 1325 13.85 13.55
John 10 227 244 263 312 329 325 338 316
20 |595 650 785 816 818 824 841 841
30 |845 947 966 974 992 994 996 99.2
50 /993 99.9 100.0 100.0 100.0 100.0 100.0 100.0
Pesaran's CD 5 244 248 250 229 253 247
10 |56.6 480 414 466 443 419 405 393
20 |89 755 708 688 743 698 691 705
30 |950 875 861 883 878 848 823 853
50 ]99.7 982 976 974 962 975 973 959
LM 5 9.0 107 78 88 106 9.0

10 303 196 256 552 264 272 260 270
20 669 732 752 789 759 799 806 775
30 |904 955 975 972 988 988 99.0 988
50 |99.7 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Notes: The data generating process is specified in Section 6.

Baltagi, Feng, Kao, Syracuse University Testing Cross-sectional Dependence in Panels



Monte Carlo
(]
Power: SMA(1)

Size-adjusted Power: SMA(1)

Table 2 (c) : Size Adjusted Power of Tests: The alternative isa SMA (1) model
Size Adjusted Power T\n| 5 10 20 30 50 100 200 500
5 85 106 92 103 101 103
John 10 (154 198 183 214 223 253 241 215
20 | 471 505 633 665 639 650 665 681
30 |722 836 902 911 946 954 953 953
50 |[98.9 99.8 99.9 100.0 100.0 100.0 100.0 100.0
Pesaran's CD 5 164 184 194 165 177 179
10 [ 386 371 284 315 314 287 266 25.0
20 (64.0 56.0 518 503 522 514 477 517
30 |822 706 667 730 705 669 659 677
50 |955 906 89.8 866 855 865 864 86.3
LM 5 6.5 9.7 7.0 75 9.3 8.2
10 |183 159 178 161 178 175 187 199
20 |539 584 595 637 572 634 629 603
30 (828 857 922 909 919 944 936 943
50 |99.6 99.9 100.0 100.0 100.0 100.0 100.0 100.0

Notes: The data generating process is specified in Section 6.

Baltagi, Feng, Kao, Syracuse University Testing Cross-sectional Dependence in Panels



Conclusion
o
Conclusion

Conclusion

@ A new test for cross-sectional dependence in FE models: the John
test

@ Desirable finite sample properties
@ Successfully control the size distortion for large n
@ Applicable in micro panels
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Extension
°
Extension

Extensions:

o Allow for heterokedasticity across the cross-sectional units (in
progress)

@ Power properties
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Extension
L]

LILELLS

Thank Youl
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Asymptotics

Asymptotics of the Bias Term under the Null:

@ The bias term:

T(U-V)
2

T [(%tr5)2 %trgz - (%tr3)2 ,17tr52]

2 (%tré)z (%trS)z

o1 1 2 1,..¢ 1 1, ¢2 1 2
o 4terms: -trS, +trS°, +trS — +trS and trS° — ~trS

h—d =
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Asymptotics2

Asymptotics: First Moment Difference

o Ledoit and Wolf (2002): As (n, T) — oo with 4 — c € (0, 00)

1 1
ZtrS 2 02 and Ztr$? B (14 ¢) (62)%
n n

@ Proposition 1: Under Assumptions 1 and 2,

(a) if u; =0, using OLS residuals %trg — Ly = Op(%);
(b) if u; # 0, using within residuals %tr? —Lys = Op(%)

@ No relationship between n and T (Assumption 3) needed

o For fixed n, (a) and (b) have the same result
o For large n, (a) and (b) are different
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Asymptotics3

Asymptotics: Second Moment Difference

@ Proposition 2: Under Assumptions 1 and 2

(a) if u; =0, using OLS residuals

1

~ 1 1
2 2
Etrs _Etrs = Op(

T\/—)"‘Op( 5) + Op( -,-) (16)

(b) if u; # 0, using within residuals

1 2 1 2 1 n
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Bias Adjustment 2

Two cases: no FE vs FE

P T
°©5-5= th 1 VeVt — thletvé
e no FE: V¢ OLS residuals
o FE: V: within residuals

(a) No FE:

N 1 ~ ’ 1 ) 1.l
$-5 = —=Llax(B-pvi— L w(B—B)x

+22lix(B- BB~ B (18)
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Bias Adjustment 3

First and Second Moment Difference: no FE and FE

@ An extra term —v.v/ in FE models

n ]_ n 2_0 1
g Z <th VIZ‘) = p(?)

1
n n;

1

@ First moment difference %trg — %trS:

° %trS: first moment
e No FE: 1tr§ Lirs = Op(%—)
o FE: trS—ftrS Op($)+ 0p(4) = 0p(4)

° Difference the extra term due to the within transformation

@ Second moment difference %trS2 — %tr52: similar

Testing Cross-sectional Dependence in Panels
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Robustness

Robustness check: DGP without FE

Table 3 : Size of Tests: Robustness to the case of no fixed effects

Size T\n| 5 10 20 30 50 100 200 500
5 9.7 9.8 13.3 12.8 12.4 10.6
John 10 ({62 67 79 7.3 8.4 8.3 8.8 7.5

20 |54 64 7.0 6.9 6.6 6.8 7.7 7.6
30 |56 47 6.1 6.2 6.0 6.4 5.7 5.6
50 |46 58 7.3 6.0 5.5 6.6 5.2 6.2
Pesaran's CD 5 6.2 6.4 5.9 6.2 75 6.8
10 |43 44 438 4.7 55 5.6 5.6 4.6
20 |46 43 54 5.0 5.4 4.6 5.5 4.7
30 (42 45 49 5.1 6.3 5.5 4.6 4.9
50 |55 50 46 5.0 5.3 5.2 5.7 4.1
LM 5 68.7 100.0 100.0 100.0 100.0 100.0
10 |60 74 160 328 80.1 100.0 100.0 100.0
20 |44 61 75 11.2 25.1 73.8 100.0  100.0
30 |51 50 53 7.2 12.2 38.8 92.6 100.0
50 |46 43 6.2 5.8 7.1 18.1 51.9 100.0

Notes: The data generating process is specified in Section 6.
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